This paper considers decentralized control and optimization methodologies for large populations of systems, consisting of several agents with different individual behaviors, constraints and interests, and affected by the aggregate behavior of the overall population. For such large-scale systems, the theory of "mean field" games and control has been successfully applied in various scientific disciplines. While the existing mean field control literature is limited to unconstrained problems, we formulate mean field problems in the presence of heterogeneous convex constraints at the level of individual agents, for instance arising from agents with linear dynamics subject to convex state and control constraints. We propose several iterative solution methods and show that, even in the presence of constraints, the mean field solution gets arbitrarily close to a mean field Nash equilibrium as the population size grows. We apply our methods to the constrained linear quadratic mean field control problem and to the constrained mean field charging control problem for large populations of plug-in electric vehicles.
Since for large populations of systems the analytic solution of the game equations becomes intractable, Mean Field (MF) games [2] have emerged as a methodology to study large-scale control and optimization problems in which each agent is affected by the population distribution.
Under an underlying rationality assumption, each agent in a MF setting responds optimally to the overall population behavior, which in turn is determined by the aggregation of the individual responses. As the number of agents tends to infinity, these coupled interactions can be studied mathematically via a system of two coupled Partial Differential Equations (PDEs), the HamiltonJacobi-Bellman (HJB) PDE for the optimal response of each individual agent and the FokkerPlanck-Kolmogorov (FPK) PDE for the dynamical evolution of the population distribution [2] .
For large but finite population sizes, MF control theory [3] , [4] considers the population behavior as the aggregate (for instance, average) behavior among the agents, also called mass effect [4, Section IV.A]. Due to the structure of the MF problem and the large population size, the aggregate population behavior affects the individual agents as a nearly deterministic quantity [4, Section I] . In the setting of [3] , [4] , each agent has linear dynamics and solves a classical linear quadratic optimal tracking problem, where the reference signal represents the population behavior, that corresponds to the average among all the optimal state trajectories.
The success of MF games and control lies not only in its theoretical foundations, but also in the applicability to non-trivial large-scale control and optimization problems. Applications in fact include synchronization among populations of coupled oscillators [5] , charging control for large populations of Plug-in Electric Vehicles (PEVs) [6] , cyber security in wireless networks [7] and demand-side management of aggregated loads [8] .
In this paper, we adopt the MF control theory approach [3] , [4] , [9] , including large populations of agents with discrete-time linear dynamics and quadratic cost, the latter coupling the individual agent to the overall population. Compared to the existing MF control literature, we take the step of formulating and solving MF problems in which individual agents are subject to heterogeneous convex constraints, for instance arising from different linear dynamics, convex state and input constraints. Our motivation comes from the fact that constrained systems arise in almost all engineering applications, playing an active role in the system dynamics and hence in the agent behavior.
In the presence of constraints, the optimal response of each agent is in general not known in closed form. To overcome this difficulty, we build on mathematical definitions and tools from convex analysis and operator theory [10] , [11] , establishing useful regularity properties of the aggregation mapping. We solve the constrained MF control problem via several specific fixed point iterations and show convergence to a MF equilibrium in a decentralized fashion, making our methods scalable as the population size increases. Analogously to [4] , we seek convergence to a MF Nash equilibrium, that is, we focus on equilibria in which each agent has no interest to change its strategy, given the aggregate strategy of the others.
The contributions of the paper are hence the following:
• We extend the mean field control setting to populations of agents with heterogeneous convex constraints.
• We show that a fixed point of the aggregation mapping gets arbitrarily close to a mean field Nash equilibrium as the population size grows.
• We show several regularity properties of the mappings arising in constrained mean field control problems.
• We show that specific fixed point iterations are suited to solve constrained mean field control problems.
• We apply our results to the general constrained linear quadratic mean field control problem and to the constrained mean field charging control problem for large populations of plug-in electric vehicles, showing extensions to literature results.
The paper is structured as follows. Section II presents the MF control problem and the technical result about the approximation of a MF Nash equilibrium with a fixed point of the aggregation mapping. Section III contains the main results, regarding some regularity properties of parametric convex programs arising in MF problems and the decentralized convergence to a MF Nash equilibrium of specific fixed point iterations. Section IV presents two applications of our technical results: the MF control problem for a population of agents with heterogeneous linear dynamics, convex state and input constraints; the constrained MF charging problem for a population of heterogeneous PEVs. Section V concludes the paper and highlights several possible extensions and applications. Appendix A presents some background definitions and results from operator theory; Appendix B justifies the use of finite-horizon formulations to approximate infinite-horizon discounted-cost ones; all the proofs of the main paper are given in Appendix C. with inner product ·, · Q : R n ×R n → R defined as x, y Q := x Qy, and induced norm · Q : R n → R ≥0 defined as x Q := x Qx. A mapping
Every mentioned set S ⊆ R n is meant to be nonempty, unless explicitly stated. The projection
Q . I n denotes the n-dimensional identity matrix; 1 denotes a matrix of all 1s; 0 denotes a matrix/vector of all 0s; 1 denotes a vector of all 1s. A⊗B denotes the Kronecker product between matrices A and B.
II. MEAN FIELD CONTROL PROBLEM WITH CONVEX CONSTRAINTS

A. General mean field control problem
We consider a large population of N heterogeneous agents, where each agent
, taking values in the set X i ⊂ R n . The aim of agent i is to minimize its individual cost J(x i , z), which depends on the variable z ∈ R n . In the MF setting, z represents the aggregate of actions of all the agents, that hence affects their behaviors.
Formally, let x i (z) := arg min x∈X i J(x, z) be the optimal response of agent i, given a signal z. Let the population state be summarized in the aggregate (e.g., average) behavior A(·) :
, for appropriate aggregation parameters a 1 , . . . , a N ≥ 0.
We consider a MF setting where the N agents communicate to a central coordinator, called "virtual agent" in [4, Section IV.B], in a decentralized iterative fashion. Namely, for a given reference z k at iteration k, each agent computes its optimal response x i (z k ) based only on its own constraint set X i , that is, based on its own "private information". The central coordinator then aggregates all the individual responses in A(z k ), computes an updated reference z k+1 = Φ k (z k , A(z k )), broadcasts it to the whole population, and the process is repeated.
Given the cost function J, the agents' constraint sets
and the aggregation parameters
, the MF control problem consists in designing the feedback iteration z
that is, selecting the mappings
, such that, for any initial condition z 0 ∈ R n , the variable z converges to somez, generating a set of strategies {x
with desirable properties. Along the lines of [3] , [4] , we are interested in a feedback mapping Φ k for which the mentioned iteration generates a MF (almost-) Nash equilibrium, according to the following definition.
Definition 1 (Mean field Nash equilibrium): Given a cost function J : R n × R n → R ≥0 and aggregation parameters a 1 , . . . , a N > 0, a set of strategies
It is a MF Nash equilibrium if (1) holds with ε = 0.
In classical game theory, a population is at a Nash equilibrium {x j } N j=1 , if each agent i has no individual benefit in changing its strategyx i , given the strategies of the others {x j } N j =i . In the MF case, the concept is similar: if the population is at a MF ε-Nash equilibrium, then each agent has no more than ε individual benefit to change its strategy, given the aggregation among the strategies of the others.
B. Parametric convex programs arising in mean field control problems with quadratic cost
In the sequel, we consider MF control problems with quadratic cost, that is, we assume that each agent i ∈ Z[1, N ] responds to the common signal z ∈ R n through the mapping
where
The three terms in (2) emphasize the contribution of three different cost terms: a quadratic cost
x Qx, typical of Linear Quadratic (LQ) MF control [4] , [9] , a quadratic cost (x − z) ∆ (x − z) on the deviations from the reference signal z [4] , [6] , and a linear cost 2 (Cz + c) x [4, Section II.A], [6] . Note that each agent has its own individual constraint set X i , which in the context of LQ MF control discussed in Section IV-A models the fact that each agent has its own linear dynamics and its own state and input constraints.
Let us start from the characterization of the optimal solution of (2).
Lemma 1 (Parametric Optimizer): The unconstrained optimizer of (2) iŝ
The (constrained) optimizer of (2) is
Remark 1: Since the mappingx in (3) is affine and hence Lipschitz, and the projection operator Proj X i has Lipschitz constant 1 [10, Proposition 4.8], both mappingsx and (4) are Lipschitz with the same constant, that is, for every norm · , there
C. Approximating a mean field Nash equilibrium in the limit of infinite population size
We now come back to the aggregation mapping A :
where a 1 , . . . , a N ≥ 0 are aggregation parameters.
Since the objective of our MF control problem is to find a MF Nash equilibrium for large population size, we exploit the following observation [4, Section IV.A]. For any agent i, the aggregate behavior of the others, i.e.,
, can be approximated with the aggregate behavior of the whole population, i.e., (5), that is,
is a MF ε-Nash equilibrium. . Note that having a uniform upper boundā on the aggregation parameters
means that no single agent has a disproportionate influence on the population aggregation for large population size, which is a typical feature of MF settings.
Theorem 1 suggests that one should design the feedback mapping Φ k to steer the iterative game towards a fixed point of the aggregation mapping A, as this is an approximate solution of the MF control problem for large population size.
III. THE QUEST FOR A FIXED POINT OF THE AGGREGATION MAPPING
A. Mathematical tools
In this section we present the mathematical definitions needed for the technical results in Section III-B, regarding appropriate fixed point iterations relative to the aggregation mapping. For ease of notation, the statements of this section are formulated in an arbitrary finite-dimensional Hilbert space H, that is, in terms of an arbitrary norm · on R n , but in general hold for infinite-dimensional metric spaces.
We start from the property of contractiveness [11, Definition 1.6] , exploited in most of the MF control literature [4] , [9] , [6] to show, under appropriate technical assumptions, convergence to a fixed point of the aggregation mapping.
Definition 2 (Contraction mapping
for all x, y ∈ R n .
If a mapping f is CON, then the Picard-Banach iteration, k = 0, 1, 2, . . .,
converges, for any initial point z 0 ∈ R n , to its unique fixed point [11, Theorem 2.1].
Though commonly used in the MF control literature, contractiveness is a quite restrictive property. In this paper we actually exploit less restrictive properties than contractiveness, starting with nonexpansiveness [10, Definition 4.1 (ii)].
Definition 3 (NonExpansive mapping): A mapping f :
Clearly, a CON mapping is also NE, while the converse does not necessarily hold. Note that, unlike CON mappings, NE mappings, e.g., the identity mapping, may have more than one fixed point. Among NE mappings, let us refer to firmly nonexpansive mappings [10, Definition 4.1
Definition 4 (Firmly NonExpansive mapping): A mapping f :
An example of FNE mapping is the metric projection onto a closed convex set Proj C :
The FNE condition is sufficient for the Picard-Banach in (7) iteration to converge to a fixed point [12, Section 1, p. 522]. This is not the case for NE mappings; for example, z → f (z) := −z is NE, but not CON, and the Picard-Banach iteration z k+1 = f (z k ) oscillates indefinitively between z 0 and −z 0 . If a mapping f : C → C is NE, with C ⊂ R n compact and convex, then the Krasnoselskij iteration
where λ ∈ (0, 1), converges, for any initial point z 0 ∈ C, to a fixed point of f [11, Theorem
Finally, we consider the even weaker regularity property of strict pseudocontractiveness [11, Remark 4, pp. 12-13].
Definition 5 (Strictly PseudoContractive mapping): A mapping f :
If a mapping f : C → C is SPC with C ⊂ R n compact and convex, then the Mann iteration
where 
It follows from Definitions 2-5 that
Therefore, the Mann iteration in (12) ensures convergence to a fixed point for CON, FNE, NE and SPC mappings; the Krasnoselskij iteration in (10) ensures convergence for CON, FNE and NE mappings; the Picard-Banach iteration in (7) for CON and FNE mappings.
The known upper bounds on the convergence rates suggest that a simpler iteration has faster convergence in general. The convergence rate for the Picard-Banach iteration is linear, that is Chapter 1] . Instead, the convergence rate for the Mann iteration is sublinear, specifically
Note that CON mappings have a unique fixed point [11, Theorem 1.1], whereas FNE, NE, SPC mappings may have multiple fixed points. In our context, this implies that there could exist multiple MF Nash equilibria, unless the aggregation mapping is CON.
B. Main results
Using the definitions and properties of the previous section, we can now state our technical result about the regularity of the optimal solution x i in (4) of the parametric convex program in (2).
Theorem 2 (Regularity of the optimizer):
The mapping x i in (4) is:
NE in H Q+∆ if (13) holds with ≥ 0;
Remark 3:
The condition −Q C = C ≺ ∆ in Theorem 2 implies (13) with = 0, in fact
where the last matrix inequality holds true because the eigenvalues of 1 ⊗ (∆ − C) equal the product of the eigenvalues of ∆ − C, which are positive as ∆ − C 0, and the eigenvalues of
1 1 ], which are non-negative (0 and 2). We can now exploit the structure of the aggregation mapping to establish our main result about its regularity. Specifically, under the conditions of Theorem 2, the aggregation mapping inherits the same regularity properties of the individual optimizer mappings. 
Theorem 3 directly leads to iterative methods for finding a fixed point of the aggregation mapping, that is a solution of the MF control problem in the limit of infinite population size.
Corollary 1 (Convergence of fixed point iterations):
The following iterations and conditions guarantee convergence, from any initial point, to a fixed point of A in (5), where x i is as in
1. Picard-Banach (7) if (13) holds
2. Krasnoselskij (10) if (13) holds ( ≥ 0);
Note that convergence is ensured in different norms, namely
; this is not a limitation since all norms are equivalent in finite-dimensional Euclidean spaces.
We emphasize that each iterative method presented in Corollary 1 has its specific range of applicability depending on the specific MF problem. This allows us to select one or more fixed point iterations from the specific knowledge of the regularity property at hand. An important advantage of Corollary 1 is that decentralized convergence is guaranteed under conditions independent of the individual constraints
, but only on the population-level cost function J in (2) . Therefore, the results and methods apply naturally to populations of heterogeneous agents.
Let us summarize in Algorithm 1 our proposed decentralized procedure to compute a fixed point of the aggregation mapping A, where the feedback mapping
is chosen in view of Corollary 1.
Algorithm 1: Decentralized iterations towards a fixed point of the aggregation mapping.
Iterate until convergence:
IV. MEAN FIELD CONTROL APPLICATIONS
A. Discrete-time constrained linear quadratic mean field control
We now address a discrete-time constrained LQ MF control problem, that is the discrete-time constrained counterpart of the MF control problem in [4] . We consider a population of N agents, in which each agent i ∈ Z[1, N ] has the discrete-time, t = 0, 1, 2, . . ., linear dynamics
is the control input, and
For each agent i ∈ Z[1, N ], we allow for convex time-varying, t = 0, 1, 2, . . ., state and input
are compact and convex sets.
Let us consider that all agents seek a dynamical evolution minimizing the finite-horizon cost
We assume that the optimization problem (17) is feasible, that is, given the initial state x 0 ∈ R n , we assume that there exists a control input sequence {u t } T −1 t=0 such that the sets {X i t } T t=1 are reachable at time steps t = 1, . . . , T , respectively [14, Chapter 6] . This assumption can be checked by solving a convex feasibility problem; furthermore, the set of initial states x 0 such that (17) is solvable can be computed by solving the feasibility problem parametrically in x 0 .
We refer to [4, Section III] for the continuous-time infinite-horizon unconstrained counterpart of (16)- (17) . Our motivations for studying the discrete-time finite-horizon formulation in (16) e.g., Q t = β t Q and R t = β t R, for some β ∈ (0, 1) and Q, R 0, the optimal value of the corresponding finite-horizon problem is arbitrarily close to the infinite-horizon one, if the finite horizon T is chosen large enough. Second, from the computational point of view, our discretetime finite-horizon formulation allows us to efficiently address state and input constraints, in the sense that we can embed them in finite-dimensional convex optimization problems (e.g., quadratic
programs (QPs) if state and input constraints are linear) that are known to be efficiently solvable numerically.
Along the lines of [4, Section IV], and in view of Theorem 1, our discrete-time, finite-horizon, constrained LQ MF control problem for large population size consists of finding a fixed point of the average mapping, that is, z ∈ R nT such that
where x i is defined in (17) . In (18), we average the optimal tracking trajectories {x
among the whole population (that is, we take a 1 = · · · a N = 1 in ( Unfortunately, it turns out that the mapping A in (18) is not necessarily CON. We therefore apply the results in Section III-B to ensure convergence of suitable fixed point iterations. 1 The mapping A in (18) is continuous, compact valued and constant, hence CON, if γ = 0.
Following [4, Equation 2
.6], for given γ ∈ R, let us consider
which coincides with J in (16) when γ = 1. We notice that the cost function in both (16) and (19) can be rewritten as a particular case of the general cost function in (2) as follows:
arg min
, for arbitrarily chosenz ∈ R mT , and (17) for all i ∈ Z[1, N ], with cost function J γ as in (19) in place of J:
1. Picard-Banach (7) if −1 < γ < 1;
Let us illustrate the LQ MF setting with a production planning example inspired by [4, Section II.A]. We consider N firms supplying the same product to the market. Let x i t ≥ 0 represent the production level of firm i at time t. We assume that each firm can change its production according to the linear dynamics
where both the states and inputs are subject to heterogeneous constraints of the form
We assume that the price of the product reads as
proportional to the product price p, while facing the cost to change its production level (for example, for adding or removing production lines). We can then formulate the associated LQ MF finite horizon cost function as
. Given a parameter z ∈ R For different population sizes N , we first numerically compute a fixed pointz of A(·)
using Krasnoleskij iteration with parameter λ = 0.5, and we hence compute the strategies
. We then verify that this is an ε N -Nash equilibrium: for each firm i, we evaluate the individual costJ i := J (x i (z), u i (z),z) and the actual optimal cost J i under the knowledge of the production plan of the other firms at the fixed pointz. In Figure 1 we plot the maximum benefit ε N := max i∈Z 
B. Decentralized constrained charging control of large populations of plug-in electric vehicles
As second control application, we investigate the problem of coordinating the charging of a large population of PEVs, introduced in [6] and extended to the constrained case in [16] . 
minimizing its charging cost
> is the electricity price function over the charging horizon. We consider a dynamic pricing, where 2 We can also allow for more general convex constraints, for instance on the desired state of charge, multiple charging intervals, charging rates, vehicle-to-grid operations. However, we prefer to keep the same setting of [6] , [16] for simplicity.
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, decreases to zero. For all population sizes, N agents are randomly selected.
As second control application, we investigate the problem of coordinating the charging of a large population of PEVs, introduced in [6] and extended to the constrained case in [16] . For with undesired discontinuous optimal solution. Therefore, following [6] , [16] , we also introduce a quadratic relaxation term as follows.
For all i ∈ Z[1, N ], the optimal charging control u i , given the price signal z = (z 0 , . . . , z T −1 ) ∈ R T , is defined as In view of Theorem 1, we seek a fixed point of the mapping
which represents the average among the optimal charging control inputs {u
. Since the cost function in (23) is a particular case of the general cost function in (2), namely with Q = 0, ∆ = δI, C = aI, we can establish conditions on δ > 0 under which a specific fixed point iteration converges to a MF almost-Nash solution of the constrained charging control problem. In particular, the Mann iteration always converges to a fixed point of the aggregation mapping and hence solves the constrained MF control problem for large population size.
Corollary 3 (Fixed point iterations in MF PEVs charging):
The following iterations and conditions guarantee convergence, from any initial point, to a fixed point of A in (24) , where u In [6] , only the Picard-Banach iteration is considered, for some values of δ > a/2. For small values of δ, it is shown in both [6] and [16] that the Picard-Banach iteration causes permanent price oscillations. On the other hand, in [16] it is observed in simulation that the Mann iteration does converge. Corollary 3 hence provides theoretical support for this observation.
Using the same numerical values as in [6] , Figure 2 shows that, if we choose the parameter δ > 0 small enough, we recover the valley-filling solution, known to be globally optimal in the case without charging upper bounds [6, Lemma 3.1]. For the same case, we show in Figure 3 that the Picard-Banach iteration oscillates indefinitely, while the Mann iteration converges. 18 In [6] , only the Picard-Banach iteration is considered, for some values of > a/2. For small values of , it is shown in both [6] and [16] that the Picard-Banach iteration causes permanent price oscillations. On the other hand, in [16] it is observed in simulation that the Mann iteration does converge. Corollary 3 hence provides theoretical support for this observation.
Using the same numerical values as in [6] , Figure 2 shows that, if we choose the parameter > 0 small enough, we recover the valley-filling solution, known to be globally optimal in the case without charging upper bounds [6, Lemma 3.1] . For the same case, we show in Figure 3 that the Picard-Banach iteration oscillates indefinitely, while the Mann iteration converges. We refer to [16] for discussions and further numerical simulations. Application to realistic PEVs case studies is topic of current work.
V. CONCLUSION AND OUTLOOK
Conclusion
We have considered mean field control approaches for large populations of systems, consisting of several agents with different individual behaviors, constraints and interests, and affected by the aggregate behavior of the overall population. We have extended mean field control theory We refer to [16] for discussions and further numerical simulations. Application to realistic PEVs case studies is topic of current work.
V. CONCLUSION AND OUTLOOK
Conclusion
We have considered mean field control approaches for large populations of systems, consisting of several agents with different individual behaviors, constraints and interests, and affected by the aggregate behavior of the overall population. We have extended mean field control theory to problems with heterogeneous convex constraints, for instance arising from agents with linear to problems with heterogeneous convex constraints, for instance arising from agents with linear dynamics subject to convex state and control constraints. We have proposed several decentralized iterative methods for constrained mean field problems, as summarized in Table I , converging to a mean field Nash equilibrium for large population size. We believe that our methods and results open several research directions in mean field control theory and inspire novel methods to various applications.
Outlook on extensions and applications
Most of the mathematical results from operator theory we adopted for finite-dimensional Euclidean spaces, also hold for infinite-dimensional Hilbert spaces. Therefore, our technical results can be adapted to infinite-horizon MF control problems, as addressed in [4] . For completeness, in Appendix A we present the most general known fixed point iteration, that is, the Ishikawa iteration in (26), which guarantees convergence to a fixed point of a (non-strictly) PseudoContractive (PC) mapping [11, Theorem 5.1] . In this paper we have considered MF problems in which the aggregation of the optimizers is at least SPC, so that the generally faster Mann iteration in (12) dynamics subject to convex state and control constraints. We have proposed several decentralized iterative methods for constrained mean field problems, as summarized in Table I , converging to a mean field Nash equilibrium for large population size. We believe that our methods and results open several research directions in mean field control theory and inspire novel methods to various applications.
Most of the mathematical results from operator theory we adopted for finite-dimensional Euclidean spaces, also hold for infinite-dimensional Hilbert spaces. Therefore, our technical results can be adapted to infinite-horizon MF control problems, as addressed in [4] . Since we have addressed a deterministic setting, inspired by the deterministic agent dynamics in [6] , a valuable extension would be a stochastic setting in presence of state and input constraints.
For instance, the matrices A i , B i of each agent i can be thought as extracted from a probability distribution [4, Section V], and a zero-mean random input can enter linearly in the agent dynamics
The concept of social global optimality [9] has not been considered in this paper. Following the lines of [9, Section IV], it would be valuable to use our mathematical tools to show, under suitable technical conditions, that the MF structure allows one to coordinate efficiently decentralized constrained optimization schemes.
Our constrained MF setting can be also extended in many transverse directions. For instance, the effect of local heterogeneous constraints can be studied in MF games with leader-follower (major-minor) agents [17] and in coalition formation MF games [18] . Furthermore, we believe that our constrained setting and methods can be also exploited in large-scale network problems [19] .
Potential applications of our results include decentralized control and game-theoretic coordination of large-scale systems. Among others, an application field which is potentially suited for our constrained MF control approach is the efficient regulation of power grids and energy markets, indeed characterized by a large number of agents with heterogeneous behaviors and interests, for instance wishing to efficiently buy and/or sell services and energy [20] . Typical case studies, which can be further explored in view of our constrained MF problems, are demand-side management of aggregated loads [8] , synchronization and frequency regulation among populations of coupled oscillators [5] , [21] .
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APPENDIX
A. Further mathematical tools from operator theory
In this section, we present some useful definitions from operator theory, adapted to finitedimensional Euclidean spaces from [10] , [11] . We start from the most general fixed point iteration, the Ishikawa iteration, which guarantees convergence to a fixed point of pseudocontractive mappings, as formalized next [11, Remark 3, pp. 12-13].
Definition 6 (PseudoContractive mapping): A mapping f :
If a mapping f : C → C is PC and Lipschitz, with C ⊆ R n compact and convex, then the Ishikawa iteration
where We notice that an SPC mapping is PC as well, therefore the Ishikawa iteration in (26) can be used in place of the Mann iteration in Corollary 1. However, unlike the Mann iteration, in general there is no known convergence rate for the Ishikawa iteration, and in fact the convergence is usually much slower compared to the Mann iteration.
As exploited in the proofs of the main results, both SPC in Definition 5 and PC in Definition 
Definition 8 (Monotone mapping):
Proof: It follows from Definitions 7, 8 that there exists > 0 such that:
for all x, y ∈ R 
If f is Lipschitz and SAC in H Q , then Id − f is SPC in H Q .
Proof: By Definition 5, Id − f is SPC if there exists ρ < 1 such that
for all x, y ∈ R n , which proofs the first statement with
If f is Lipschitz and SAC then there exist L, > 0 such that
Q , which implies that Id − f is SPC from the previous part of the proof.
Regularity of affine mappings
We next present necessary and sufficient conditions to characterize the regularity of affine mappings. Some of these equivalences are exploited in the proofs in Appendix C. The statements could be further exploited to show which fixed point iteration solves the unconstrained LQ MF control problem introduced in Section IV-A.
Lemma 4 (Regularity of affine mappings):
The following equivalencies hold true for any map-
The mapping f is CON in H Q if and only if there exists > 0 such that
Since Q 0, the existence of > 0 such that the latter matrix inequality holds is equivalent to the existence of ε > 0 such that A QA − Q −εI.
An analogous proof with = ε = 0 shows that the mapping f is NE in H Q if and only if
The mapping f is FNE in H Q if and only if f (x) − f (y)
The mapping f is SAC in H Q if and only if there exists > 0 such that
, that is equivalent to The mapping f is PC in H Q if and only if
, that is A QA Q + (I − A) Q(I − A) = 2Q − (A Q + QA) + A QA and hence A Q + QA 2Q.
B. Finite-horizon approximation of infinite-horizon discounted-cost optimization problems
Let us consider continuous, uniformly bounded, convex functions { t :
, where for all t ∈ Z[1, ∞), X t ⊂ X ⊂ R n is compact and convex, and X ⊂ R n is compact and convex as well. Consider the infinite-dimensional set S := × ∞ t=1 X t = X 1 × X 2 × . . ., β ∈ (0, 1), and the function J ∞ : S → R ≥0 defined as
Proof: Let (x ∞ ) t denote the component t of x ∞ , which we rewrite as
We start from the following inequalities:
where, for all τ ≥ 1,
, and notice that L < ∞ as the functions { t } t≥1 are assumed uniformly bounded. We then have 
C. Main proofs Proof of Lemma 1
The expression of the (unique) unconstrained optimizerx (z) directly follows from the equa-
Then the following equalities hold: 
Proof of Theorem 1
From Lemma 1 we have that x i (z) = Proj 
is compact from Assumption 1.
We now consider an arbitrary fixed pointz Let us also define the associated costs:
and notice that
. Therefore, the following inequalities hold true:
This proves that for all ε > 0 there exists N = N ε :=ā
such that the costJ i of any agent i at a fixed pointz is ε-close to its true optimal costJ i .
Proof of Theorem 2
It follows from the proof of Lemma 4 in Appendix A that the unconstrained optimizerx in (3) is CON in H Q+∆ if and only if there exist > 0 such that ((Q + ∆)
As Q + ∆ 0, by Schur complement [22, Section A.5.5] the last inequality is equivalent to 
for some ε > 0. The proof thatx in (3) is NE in H Q+∆ if and only if (13) holds with > 0 is analogous (with = ε = 0). 
Since Proj
, it follows that the composi-
For the rest of the proof, we need the following side result, adapted from [23, Theorem 12.1
Lemma 5: A mapping f : R n → R n is FNE in H P , with P 0, if and only if
Proof: From Definition 4, we have f FNE if and only if, for all 
for allx,ỹ ∈ R n . Therefore, withx := Ax + b andỹ := Ay + b, the FNE condition (34) implies that: in place of C, and v, w in place of x, y. We hence obtain
for all v, w ∈ R 
Proof of Theorem 3
The mapping A in (5) 
Proof of Corollary 2
It follows from (20) that the optimization problem in (17) with cost J as in (19) can be rewritten in the same format of (2), where the optimization variable of agent i is the vector is an opportune permutation matrix (which swaps the second and third block columns). Since the eigenvalues of the Kronecker product of two matrices equal to the product of the eigenvalues of the two matrices, we have that I 2 ⊗R 0 and that and hence has no null eigenvalues, we conclude that Π diag 1 γ γ 1 ⊗Q , I 2 ⊗R Π 0 ( 0) if −1 < γ < 1 (−1 ≤ γ ≤ 1). The proof then follows from Corollary 1.
Proof of Corollary 3
We consider the matrix inequality (13) We finally consider the case δ ∈ (0, a/2). From the sufficient condition in Theorem 2, we get that A is SPC in H (a−δ)I if δ ∈ (0, a). The convergence of the Mann iteration in (12) then follows from Corollary 1.
